
CHA0S(U) ARMY BALLISTIC RESEARCH LAB ABERDEEN PROVING
I GROUND NO N P BHATIA ET AL. JAN 86 BRL-TR-2782

UNCLASSIFIED F/0i 2/1 L

Eum



.4

13 2 . 12 .

MICROCOPY RESOLUTION TEST CHART

1,.NA 

IONAL BUREAU OF S AN DAR S 
963 

A

% 

%

.", - " "° " ' " "%
'



a ~ ~ ~ ~ ~ ~ _ -U.Ln Ur4 7' T.7 ri 74 .. . . - I . .'

lADI

TECHNICAL REPORT BRL-TR-2702

ON THE EXISTENCE OF LI-YORKE
POINTS IN THE THEORY OF CHAOS

.'p.

Nam P. Bhatia
Walter 0. Egerland DTIC

,: LECTE
FEB2 4 186.

Januar 19860

..J

MMMO FM PUDUC MA DSTMiUT1ON UNUMiED.

US ARMY BALLISTIC RESEARCH LABORATORY
ABERDEEN PROVING GROUND, MARYLAND

• lo1



Destroy this report when it is no longer needed.
Do not return it to the originator.

Additional copies of this report may be obtained
from the National Technical Information Service,
U. S. Department of Commerce, Springfield, Virginia

,. 22161.

',*

The findings in this report are not to be construed as an official
Department of the Army position, unless so designated by other
authorized documents.

The use of trade names or manufacturers' names in this report
does not constitute indorsement of any commercial product.



SECURITY C:LASSIP--AT1ON Of THIS PAGE Ml. Data Zntrd)

REPORT DOCUMENTATION PAGE READ INSTRUCTIONS
BEFORE COMPLETING FORM

% 1. REPORT NUMSER 2. GOVT ACCESSION NO 3. RECIPIENT*S CATALOG NUMEER

4. TIT.a (41" Sbttle) S. TYPE OF REPORT & PERIOD COVERED

on the Existence of Li-Yorke Points in the Theoryof Chaos.of Caos6. PERFORMING ORG. REPORT NUMBER

7. AUTNOIII() 8. CONTRACT OR GRANT NUMSER(e)

Nan P. Bhatia
alter 0. Egerland

S. PERFORING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ALEMENT. PROJECT. TASK
AREA & WORK UNIT NUMUIIERS

US Army Ballistic Research Laboratory
A=: SMR-SE IWO&E 1L162618AH43

- . Aberdeen Proving Grud MD 21005-5066 _______________

11. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE

US Army Ballistic Researc Laboratory January 1986
ATINl: ST R-E--1 13. NUMGIER OF PAGES

Aberdeen Proving Ground, MD 21005-5066 12
14. MONITORING AGENCY NAME & AOORESS(If ci'ievmt from CanllitUnd Office) 1S. SECURITY CLASS. (of this report)

SIS. OECLASSIOFICATI ON/OOWNGRAOING
SCl EDULE

16. DISTRIGUTION STATEMENT (of thie Report)

Approved for public release; d unlimited.

17. DISTRIBUTION STATEMENT (of t.he abteact entE In Stock 20, If dlffent from Report)

IS. SUPPLEMENTARY NOTES

The first author is Professor of Mathmatics at the Universit of Maryland,
Baltiumre County. The results were established under the U.S. Army Sumer
Faculty Research and Engineering Program and will be published in the Journal
of Ntnlinear Analysis, Perganon Press LTD., Oxford, Enland.

.. 1 19. KEY VWORDS (Cmonue an reverse, adde if necesary wid Idertitfy by block fflxber)

Theory of Chaos
". Li-Yorke Inequalities and PointsiiiiNon- periodic Conditions f or Chaos

2& AUSTRACt (VON~Mw minMe shf N lwdmE di deertty 87 black nhinhe)
The report establishes an addendm to the Li-Yorke theorem, lists the completeset of Li-Yorke inequalities, ard provides in the Equivalence theorem non-

periodic conditions equivalent to the known periodic cnditions that guarantee

I.

W. W J M7100f"1 OF I NOV 65 IS OUMnOLETE, CIS
-. r. SECUlrIY C..AWF?~rCATfOft OF rtHS WAGE -0bo Deta ntered



TABLE OF CONTENTS

Page

I. INTRODUCTION ....................................................................................... 5

I. DEFINITIONS AND NOTATIONS .................................................................. 5

III. A N EX AM PLE ..................................................................................................6

IV. THE RELATIONSHIP BETWEEN LI-YORKE POINTS

AND POINTS OF PERIOD THREE ................................................................6

- ° V . R EFER EN CE S .................................................................................................

VI. DISTRIBUTION LIST ................................................................................ 11

Accesion For
NTIS CRA&I
DTIC TAB 5
Unannounced 5

Justification
................................... .............................

By.........
Distribution /

Availability Codes

.N Avail ar'dlorDist Special

,%

,3

Ea&* -- ,



I. INTRODUCTION

Li and Yorke' introduced in their fundamental paper the term "chaotic" for a class

of self-mappings of an interval. The real function f is chaotic if ( a ) there are points of
arbitrarily large periods and (b) there is an uncountable set S such that for every
xo, yo E S, xo yo, lim sup I f (x0) - f, (y) I > 0 and lim inf I P (xo) - f, (Yo) I -0. Follow-

ing the Li-Yorke result that "period three implies chaos," many authors worked on
periodic conditions that allow the same conclusion. The best known of these conditions
is "period p #" 2' implies chaos." Such investigations are summarized in Targonski's
monograph.

Li and Yorke also introduced four-point inequalities satisfied by a point and its
three successors with respect to the given function f. They showed that these imply the
existence of a three-period and hence chaos. Our investigations in this paper show that
the Li-Yorke inequalities play a fundamental role in the theory of chaos. We, therefore,
formalize the notion of a Li-Yorke point and obtain non-periodic conditions equivalent
to the known periodic conditions that guarantee chaos. The importance of the results
resides in the fact that the set of Li-Yorke points is always an open set, whereas the
number of periodic points of a given period p # 22 is in general countable.

II. DEFINITIONS AND NOTATIONS

Let : R -- R be continuous. If x0 E R, the orbit of x, under t is defined as the set
(x : x = t (xo), n = 0, 1,.. .), where, for every positive integer a, r is the n-th iterate of r
and 10 (xo) = x0. We shall write x,:= f' (xo) for a given xo E R and call x,, x2... the succes-
sors of x0. A pre-orbit of a given xo E R is any (finite or infinite) sequence To, x_1, x- 2 ...
such that r(x_,)= x.(,) for all n for which x., is defined. The points x-,, X 2_... in any
such sequence are called predecessors of x0. A point x0 is called critical if r(x0) = xo, i.e., a
critical point of t is a fixed point of f. A periodic point x0 of period p > i (p a positive
integer) is a point for which the relations fP (xo) = x0, tk (Xo) # x0, I < k < p, hold.

The following fundamental results are now well-known.

Theorem (Sarkovskii). For m, n = 0, i.... consider the total ordering of the positive
integers:

3 < 5 <7 <... < 2*3< 2e5< 2o7... < 2' 3< 2e5 < 2=-7
< ... <2- < 2-' <...< 22< 2< I.

If a continuous mapping f : R - R has a periodic point of period p, then it also has a
periodic point of period q for every q > p (in the above total order).

Theorem (Li-Yorke): Let t : R - R be continuous. If there is a point xo E R such that
either xs < xo < x, < x, or x. > XO > X1 > 2, then f has a point of period three.

ST-Y. L and J. A. Yorke, 'Period three implies Chaos.,* Amer. Majth Mont i 82 (1975), pp. 995-092.
2 Gyorgy Taroaski, 'Topics is Iteration Theory,* Studia Mithematica- Sirrmt 6. Vandenhoek and Ruprecht, Gottingen and

zench (1981).

A. N. Sarkovskii, 'Coexistence of Cycles of a Continuous Map of a Line into Itself.' 11km,, Mia Zh 16 (1964), pp. 61-71.
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Theorem (Li-Yorke): Let f : R - R be continuous. If there is a point x0 E R such that
either xs < Xo <xl <x2 or xs > xo> x 2,> x2, then r has a point of period three. Further-
more, if f has a three periodic point, there exists an uncountable set S C R such that for
every x0, yo E S, Xo 34 yo,

lir sup x, -y, > 0

and

Jim ifltXaY..-*0

Definition. A point xo E R is called a Li-Yorke point of f: R -R R if xo satisfies a Li-Yorke
inequality

xs < Xo < X1 < X2

or
X3 > XO,> X 1 > X .

JR. AN EXAMPLE

The following example shows that the existence of a three periodic point does not
* - - guarantee the existence of a Li-Yorke point. The ,quadratic mapping

g(y) - ay2 + 2by + c, a # 0, b, c, real constants, may be brought in the form f(x) = x2 - r by
setting y = a-'(x - b), g = a-(t - b), and r = b 2 - b - ac. f has a three periodic orbit for
r = 7/4, but no point xe E R is a Li-Yorke point for r < 7/4.

IV. THE RELATIONSHIP BETWEEN LI-YORKE POINTS
AND POINTS OF PERIOD THREE

.1 We apply frequently the following crossing property of real continuous functions.

Lemma. Let 1(x) be continuous on 1,hJ. If either

f(a) _ a. f(b) < b

or

(a) a, f(b)> b,

then there exists x E [a, b such that x =ot(x). In particular, the existence of such an
..- x E [a. bj follows from the inclusions 1a,bj C [f(a), f(b)l or fa,bi D I1(a), t(b)j.

We shall denote the k-th iterate of x0 under the function r- by x -, k = 0, 1 ... Thus
'xV . - (fmu)Nx) - x, and, in particular, x0 I x = x0 for all nonnegative integers k and m.

ITere... If f has a three periodic point, then ( has a Li-Yorke point.

I 6



Proof. Let y,, be a three periodic point oftf. Thus yo, = y, and y1 pi y, 0<i < k < 3. We
can assume without loss of generality that yo < yi < y.. Since f([yi, yci) D [yo, yJ D [yl, yeI'
there is a critical point co E (yi, y..). Hence

YO <Y1< CO <Y2-

Since f(yo) = yi < co and tAY1) - Y2 > C., we have a c-.1 E (yo'y,), and since fOy.) =Yo < c-1 and
fOco) = co >c, there is a c-2 E (CeOy2) thus yielding the inequality

YO < C-.1 < Yi < CO < C-.2 < Y2

Similar reasoning establishes points c~j j = 3, 4, 5, 6, and the inequality

YO < C-.1 < Y1 < C-3 < C-4a < CO < C-6 < C-4 < C-2 < Y2*

If we identify c-6 with xO, we obtain c-. = xO~,~ -4, X2 C_ , X 0 2 n h ieult

4X3 1 2 . This completes the proof.

Theorem 2. If f has a Li-Yorke point xO, f has at least two distinct three periodic orbits.

Proof Let S = (XO : X< XO<X 1 <X 2 Of X2 < X1 < X< X3. Then S is non-empty by
hypothesis and open because f is continuous. Each component of S is an open interval.
If I =a(at,, bo) is a component of S, we will show that -co < ao < bo < 00 and that both 30

and bo are three periodic points in different orbits. Fix xo ElI and assume that
X3 < xO < x, < x, Then the same inequality holds for all xo E L. Assumning first that
-00 < a < bo < oc, we note that ao and bo are limit points of points K,, for which
X3 < x,, < x, < x2. Hence by continuity of f we must have the inequalities
is :5 a0  a, :5 a2 and b3 :5 b0 :5 b, :5 b2 with at least one equality sign holding in each of
them. We claim that as = ao< a, < a2 and b3 = bo< b, < b2. Noting that Axi) =x. > x,
and f(X2) = X3 < X2, it follows that there is a critical point co E (xi, x.), so that
X3 < XO < X1 < CO < X2 - Since f(x0) - x, < co and f(x,) = x. > co imply the existence of
c-1E (xo, x) with r(c-1)=co, we have X < X< C-1< I < CO< X2- A 2< xe and
r(ao) = a, = ao < c, f(xo) =x, > c-1, we have c-2 E (ao, xO) c I with r(c-2) = c,. But
C-2 < C-1 < CO = c, yields by relabelling a Ye = c, E I such that YO < Y1 < Y2 = Y3, a Con-
tradiction. Hence 20 < a,. If now a, = a2, we have 20 < a, =o n = 3 which contradicts
as,a,, : a, <&2. Therefore, we must havea, < , and hence a -a,< a,< a, i.e.. a 2is
a three periodic point. Similarly, bo is a three periodic point for which b3 = b0 < b, < b.
holds. Since 20 < bo, 20 is not in the orbit of b0, and so the orbits of k0 and b,, are dis-
tinct. It remains to show that 20 # -00 and bo 34 00. Since Xe < b0 and (x0. b.) C I and

W% c, j S D 1, we must have xO < b(, < c-, as xO < c-1. This shows that bo < =c. To s ee that
*o .> -00, we note that x3 E f2 (c-,, col, i.e., x3 lies in a compact set. If A = ill f2 rc-,,c.)I., t hen

for xO < A we conclude xe < x3 which contradicts xe E i with 20 = -o0. This completes the
proof.

The theorem extends the Li-Yorke theorem and may be illustrated by the examiplk
22 4 8Otx) x2 - 2. The point xo = V2 is a Li-Yorke point of f and (2 cos .T~r, Cos -- " o ,)

4 8(2 coo -=r, 2 cos -ii', 2 cos -it) are two distinct three periodic orbits.



The following theorem extends the Li-Yorke theorem in another direction. It estab-
lishes equivalent companion inequalities to the Li-Yorke inequalities.

Theorem 3. The sets of points A = {xO: x < X < x1 < x2), B = (xo: xl < x 2 < Xo < x3 }, and
C - (xO : X2 < x3 < XO < x,} are either all empty or all non-empty. The same statement
holds for the sets in which all inequalities are reversed.

Prof, Let A#4. Then for some xoER we have xs<xo<X1<X2. Since f(x)=x2> Xo

and fOx2) = x3 < XOe there is x-1 E (xI, x2) such that xo < x, < x-, < x2. Upon relabelling
yo = x_, we have yi <y < yo < y3, so that B 3 0, i.e., A 3 0 implies B y. Let B 35.
Then, if x1 < x2 < XO < x3, it follows from f(xo) = x, < xo and f(x') = x3 > x. that there is a
critical point c0 E (x2, xo) such that x, < x <cq < xo < x . Since f(co) = c0 < x. and
Sx:) = x > x0, there is x-1 E (x2, x0), so that xX < x2 < x 1 < x. Letting Ye - x-, we have

Y2 < Ys< yo < Y . Thus B implies C o. Finally, assume C # o. If for some xER
x2 < x3 < XO < X1, then there exists x-1 E (x2, x0) since f(x2) = x3 < xD and f(xo) = x, > Xo.
From x2 < x-1 < XO < X1 follows, setting X-1 = YO, Ys < YO <y 1 < y2, and hence that C P
implies A . This completes the proof of the theorem.

Examples show that other four-point inequalities between x0, x1, x2 , xs do not assure
* the existence of three-periodic orbits. Therefore, the theorem lists the complete set of

Li-Yorke four-point inequalities.

Thorem 4 (Equivalence Theorem). The following statements are equivalent.

(a) f has a point of period p # 2".

(b) There exists m > 1 such that P has a point of period three.

(c) r2- has Li-Yorke points.

(d) f2 has at least two three-periodic orbits.

Prof If r has a point of period p # 20, then f has a point of period 3 . 2k for some k > 0
by the theorem of Sarkovskii. Such a point is a three-periodic point of f-, m =

Hence (a) implies (b). (b) implies (c) by Theorem 1, and (c) implies (d) by Theorem 2.
Now let x0 be a three-periodic point of P, q = 2mn, Xe = & (Xe), x0  f (x,), x0  ( f' (xo). x0 is
thus a periodic point of r of minimal period N, 2 < N < 3q. This implies that xo = IkN ( )
for every k > 1 and x0 # (I (xo) if s 7 kN, k = 1, 2, . Hence 3q = k' N for some k' > 1.
This shows that either 3 divides k' or 3 divides N. If 3 divides k' , then q = sN and con-
sequently fI (xo) = x0 = (xo), a contradiction. Hence 3 divides N. But then N 34 2n for
every a > 0. Therefore, f has period N 21 and (d) implies (a). This completes the
proof of the Equivalence Theorem.
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